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One of the most important math competences is the ability to use and build mathematical models.
This ability is included in the PISA Framevafl®@3(OECD, 2002nd theCommon Coré&tate
Standards for Mathematic$Several of the important models agly used by experts atgased on
potentialtheory. We illustrate here how to adapt these idefag usefrom first grade. We have

been using these tymof models for several yeawsith thousands of studentasingconcrete
boardsandonline systers. We followed two strategieqAraya, 2012)The USAB strategy: first

use a model, theigelect models, theradjust models and finalliguild models. The othesithe CCS
strategy: start withconcrete models, thewomputer models, ad thensymbolicmodels.

Introduction

Why model? Building models is a basic thinking act{iapstein, 2008)We arecontinuously
imagininglandscapes, situations, relations, and using them to run simulations in our hreads
order to make decisions and act. Most of these models are implicit. Inematticalmodeling we
try to makethem asexplicitaspossible specifying its main componergsd the relations between
them. For example, if you are planning to build a brigge: start byimaginingdifferent possible
bridgesand the trafficacross themNormally this is an implicit procesadyou do it
automatically If you have more time anifi you are in charge of designing ihen you try to
imagineits components and howt will respond to traffic load, water flow and wind.oustart a
more deliberate and explicit proceséou can build a small toy bridge, testihd measure its
resporse to different stresses. Then you have to think how to scale it. Hereriticalthat you try
to determine the relations between the different components, testihgm on your toy model
and eventuallyon amore realstictoy model. This whole process from a first implicit model to an
explicit onewith mathematical specifications is the mathematical model building process that
allows us to make better decisiorisis a key ability that we need our studentsléarnand start
using gstematically in their daily lives.

However, to build models requires experience in specific fields adifférent ways of thinking
about how to capture relations between componeniormally experts on mathematical models
have been working several yeams math modeling in a particular field. Only once they have
enough experiencarethey capable of making improvements on the models in their field. Very
rarelywill one expert propose a radically new math model. Therefore we cannot expeabtinat
studerts will propose math models fro nowhere.
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One typicabnd powerfulway of thinking ipotential theory, where forceand motioncome from
anintensity on a boardYou imagine the world as a board. For example, a landscape is a
rectangular board, lika chess board, but in each cell you have a number that represents the
height of the landscape above the cell. You can also imagine the number on each cell as the
amount of food on the cell, or the intensity of the odor on the o&ticording to the

mathematician John Holland (Hollant998), for scienceand mathematical modelindpoards are
as basi@and fundamentalsis numbers. Somehow ofl2educationd &8 3GSY Kl ay Qi
In the curriculum w& only have the number, geometry, algebra atatistics strands, but not a
board strand This is a pity, not only because boards are a basic component oématlts
modeling, but they are a very engaging and stimulating way of thinRiagdicularly for young kids,
they are really funln this papeme will show different math models using boaisd a strategy

to develop a way of thinkingnd modelingwith potentials.

The USAR Strategy

In order to design strategies to disseminate Mathematical Modeling shillhe K-12 school
system, we need tonderstand how scientists, engineers and other professionals do mathematical
modeling. Some peopldave built models from zero, but this is very uncommon. Normally,
experts have been working for several years on existing types of models. So we need tivéknow
main types of mathematical models that they use. Also there are certain patterns ansldfind
techniques that experts use. We need to identify them and then teach that to our teachers.

Following what experts do, we hapeoposeda strategyto teachmathematical modelingt has

four stages (Araya, 2012)he firststageisto make studentsuse certain type of typical and fertile
(Epstein, 2008nathematicalmodels the student learns certain ways of thinking with models that
can be used in a greatwrsity of situations. Once the student knstwow to use a model and has
usedit several times, theiit starts a secondtagewhere in a given situatios/he has toselect the
most appropriate model from a set of two to five options. In the tratadge ¢ he has toadjust
parameters in a modeh order tobest fit a situation. In the fourtlstage s/he has tabuild a rather
new model orgeneraliez a known modelor a new situationWe have named this stratedfye

USABRe strategy Araya, 2012see alsd.ingefjard, 2007)

It is very important that the models introduced are really very feditel thatat consecutively
higher gradeshey canprogressively be augmented tocludemore details and complex
phenomena.In this way studentswill every year reiew the same type of models but with more
sophisticated matematicsand more parametersin orderto account for more realistic situations.
This strategy will ensure that they incorporatarticular strategies andiays of thinking that can
be used irbuildingimportant and widely used types afathematicalmodels.

What trajectory will my pill bug follow?

Imagine you have tanalyzethe trajectories that will followbacterig worms, pill bugsor any other
simple organismYou can start by placingpdl bugon a slide projectoor in front of avideo
camaa, and projectthe organism orawhite blackboard If a student markson the whiteboard



the place of theprojectedpill bugshe will obtain a trajectory. In this cashe can see that a
trajectory is a sequence of positions. You can have several stuoenl® whiteboardnarking
the positions of differenprojectedpill bugs each one with markers of different colors.

Now the question is to try to imagine a mechanithat followsthese organism#o decide where

to move(Loeb,1918) The typical basic mechanism requires that you think in time stgsach
moment, think where it will go in the next instanThe second imagination device is that you think
of the spae as a board, anthat in each cell of the board there is a numbedicatingthe amount

of food on the cell The third component is the movement decisimechanismat each moment

the pill buglooks at itseightneighbor celb and selects to move to theett with more food, but

only if that cell has more food timethe cell where it is nowHgures1a, b and c arscreen shat of

a typical activityfor first graders.
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Bugy always move to the
neighbor cell with more food
until there is no neighbor cell
with more food.

Connect the blue cell. Then
continue consecutively
connecting the cells that
Bugy will visit.
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Figure 1a: Screenshot of the problem to find the trajectory.
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Bugy always move to the
neighbor cell with more food
until there is no neighbor cell
with more food.

Connect the blue cell. Then
continue consecutively
connecting the cells that

Bugy will visit.

Figure 1b: Screenshot aftédre student connects the initial cell.
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Figure 1c: Screenshot aftdre student has consecutively connectellithecells according to the rule of motion



Here the student has to follow the rule of motion and has to compsght pairs of integes. This
way the student will generate a trajector¥his is the first stage of the USABIe strategy: use a
model.According to our experience with thousands of studetiis activity isvery attractivefor
them. It ismuchmore interestingthanto just have a list of pairs of numbers and decide in each
case which number is biggéfurthermore, he teacher can easitgll storiesaboutan organism or
several organisms that are moving to better places withre food. For exampleyhich aganism
will first reach the better positioron the board We are storytelling machineslumans, and
particularly kidsreally enjoyhearing and makingp stories. Stories not only engage thebut

also connect them with a meaningful social woflltiis isan excellent didactic opportunity to
engage studentsThis activity can be started on a tiled floor. Each tilgiiena number and
students must follow the rules of nion in order to determne how to move

After using this model with different boardse can go to the next stageselect a modelFor

example we can present two boards and ask which one represents a situation with only one place
with more food Another exercise is to select the board where whenever you start you get to the
place with themost food.Then we go to the third stage/here you ask students to adjust a
parameter in the model in order tbetter represent a situation. For exampte change a number

on the boardto obtain a certain feature. This could be a feature the following: if an organism
startsin a given positiotthen it can reach thecell with the most food. Oit could bea feature like

the following:two organisms startingt some given positions will eventually meet.

Will Tina’s dog find the hidden bone?

Tina sdog is searchinfpr a bonethat shehashidden somewhere ithe park. The dog starts
sniffing and moving according to the odor intensiWill her dog find the bon@

Here he students have to figure out how to model this new situatibhey have témagine the
park as a board. However, now the numbers on the cells are the intensity of the odor, not the
amount of food. The bone generates the maximum odor intensity in the location where it is
hidden. As before, thehave to imagine aule of motion.They haveto think again interms oftime
steps and thathe dog will moven the next moment to the neighbor cell with the higtie@dor
intensity, but only if this intensity is higher than the one where the dog is right now. Figure
shows a screenshot offiis activity.
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Figure2: Screenshot of the activity to find out the trajectory of a dog searching for the hidden bone

Here gainwe propose thathe student go through théour stages. After using this model, she

can select a board that best represssituationswherethere are two hidden bones in two

separate locations, or a situation where a dog could get stuck without moving and finding a bone.
Then she can go to the next stage where she can change a namlige board to re@resent the
situation wtere starting from different positionswo dogs could never meetThen the student can
think abouthow to generalize the model in ordé&r have a more fine grained representation of

the park or what would happen if there is some wind

This type of model gaalsoeasily include higher numbers appropriate for second and third
gradersor other domains likelecimals and fractions appropriate ffwurth, fifth and sixth graders.
The boards can inclugemwers andadicalsas well

Will this rock cra&h my homeand kill my teddy bear?

There is a roclon the higher point of 4ill, and during a typhoon or hurricane the alarm was given
for a high probability that the rock will fall down. Jane and her family have abandoned their, house
and they arenow safe in a geernment provided shelter. Then Jane realizes that she had forgotten
to bring rer teddy bearWill the rack crash her house and kill her teddy bear?



This is a mathmaticalmodeling problem that allows us to pose a more demanding challenge. The
world is again a board, but mothe numbers of the cells represeabmething of a different nature
Now the student has to reflect and consider that the numbersrereamount of foodor odor.

They have to discover that here numbers are heigHtawvever there is a much more critical

change: ow the student has to change the rule of motion. The rock will move to the neighbor cell
with lowest number, nothe highest number. This is exatt opposite to what they hae done

before. Besides that, this problem allows us to pose an emotionally chastyey, onethat is very

real and meaningful for kids. Teddy bears, also callatsiti@nal objectdy psychologis, involve
powerful affectivestates They are a greaource of motivationand kids will be very interested
acceptng thechallengeand work hard to find out wét will happenat the end of the story
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The rock always move to the
neighbor cell with the smaller
heigth, until it cannot descend
any more.

Connect the initial position of
the rock, that is in the cell with
the highest heigth.

Then consecutively connect

the cells where the rock will go
through, and determine if it will
crash Jane's house thatis in

the red cell.

Figure 3: Screenshot of the activity to find out if the rock will ciesie’s house

Rules and patterns

Considemnow a board whose numbers are filled with a ralepattern. In this case the numbers on
the cells are not explicitly giveas before The student has to interpret a rule and fill the numbers.
For example, a boandhere allrows areidentical all of themhavea zero in thdeft extreme and
everycellisoneunit greater than itdeft neighbor.Can you draw the kard and fill the numbers?
Will the rock cash Jane’s home and kill Hewelyteddy bear2Under what conditionswill the rock
not crash Jane’s home™o you need to do all the oaparisons and connectionsr canyou just



decide immediately? Why3sing cardboarctan you build a three dimensional model of the hill
for this case?

There are severalther rules you can tryAnothersimple ruleisthe one where all columns are
identical. All of them have a zero in the bottom extreme, and egetlis one unit greater than
the cell just below itCan you drawite board and fill the numbers#ill the rockcrashJane’s
home and kill her teddy beat@nder what conditiong 2 yilieiiockcrashJane’s home?

If there is some kind of patterthat is much more efficient to describe the landscape with rules
instead of numbergt hasmuch less information that hae e saved on the computers and the
computations are much faster. What other type of patterns can be described by simple rules?

Another rule comes from adding the numbers in each cell from the two previous boards. Can you
draw the board and fill the numdrs?Will the rockcrashJane”shome and kill her teddy bear?

Under what conditionsvon't the rockcrashJane’s home?Do you need to do all theomparisons
andconnections ocanyou just decide immediately? Why?

By alding and subtracting boards yostudentscan generate new boards with interesting
patterns. You can also try multiplying every cell of a board by two. For exacopkdder the first
board described in this sectiolultiply by two every cell of this boardCan you draw the board
and fil the numberson each ce®t Will the rocknow crashJane’s home and kill her teddy bear?
Under what conditiongs 2 ytlieiiockcrashJane’s homeWhat happens if you multiply every cell
by three instead of two?

Interestingly, with this examples not yrcanyou have your students engaged doing additions,
subtractions and multiplicationsesides number comparisonisut you also have introduced them
to matrices addition between matrices and multiplicatiaxf matricesby a scalarThisprovidesa
great entrance to a symbolic worltkee Araya et Al, 2012, for another strategy through decision
games)

A spatial metaphorto make your own chocolate

Imagiring the world as a board and imagig motion as a product of a very simple mechanism
that involves a potential function is a very powerful and fertile way of thinking. This way of
thinkinggoes all the way to level curvea maps, gravity potential and explaining the motion of
stars and plaets, electromagnetic potentials, ibar curves and windsThe spatial board can also
be used to model other situations that seem very far from landscapesradttsand animal
movements

Mary and John armaking chocolatend are exploring how muahilk and sugarthey should
include. Theyvant to be as professional as possible and make the best chocolatestlnewith
a known recipe obtained from a web page that specifigsiantity ofmilk and some other
guantity ofsugar Then theyexploreeightoptionsto modify the recipeOptiononeisadding one
unit of milk; option two 2 is adding one unit cfugar optionthree iswith one unit less omilk;
option four iswith one unit less osugar optionfive isadding both one unit ofugarand one unit
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of milk; optionsixis adding one unit adugarbut with one unit less amilk; optionsevenis with
one unit less ougarbut adding one unit ofilk; ard finally optioneightis with one unit less of
sugarand one unit less ahilk. Forthe initial recipeand foreach of theseeightoptions Mary and
John have their classmates taste ttteocolateand score how gud it is. They averagdeir
classmateSscoresand get the final scorfor the original mix and for each of the eight options
They sadct the best option, and then continue the whole process again \eitjht newoptions.
They continue thiprocess until no improvemernms obtainedin the scores.

Now comes a little thinking. Does this whole thing sesmmehowsimilar b the previous
situationsof organismtropism or rock movemertYou can imagine thatou have again board
with rows and ctumns butinstead of locations they correspoa amount of sugarand milk.
For examplethe cell in the third row and fifth column correspasith a combination withthree
units ofsugarandfive units ofmilk, and the number on the cell it the height butthe average
of theirOf | & & ¥ obras HIeaA testing thehocolatewith those combinations asugarand milk.
The search mechanisaf testing theeightoptions is not an organism&arch tomove, buta
searchto changethe mixture of ingredientsin orderto climb a mountain of savoré\fter some
stepsrepeating this procesa cell will beobtained with ahighscore In this cell, the searabf all
eightoptionswill generatea worse score than the reached positiomhisis a greaimixture of
sugarandmilk to make the chocolatedviary and Johtsclassmatesvill love it

In thissection vwe havenot introduced a spatial activity as in tipgevious examples, but a spatial
metaphor. Finding the mixture with maximum savs similar to climbing a hill in a foggy day. You
don’t know beforehand the numbers on every cell. Each timewant to move from a celiyou

have todo sometests (that will take time and moneyjand then you will know the numbelsut

only in the neighbor cell$n this activity students are initiatedn the widely useaptimization
methodsof linear and nonlinear programing. They are also including statisigstherwith

number comparison, boards, and potentials.

Bikingskills

Tomisbiking on the school patio. The floor latf There is no slopaor bumps.The tiled fl@r is so
clean and slipperthat there ispractically no friction. Once Tom getsme speedhisbicycle
continues to movendefinitelyeven when he's not pedalingom is in the extreme left of the
bottom row of the boardas shown in figure 4@ndhe starts with a velocity of two horizontal cells
per unit time. Will he hit thélueball if he doestt pedal at all?f he has one opportunitto pedal
and move one position ypvhere should he do it in order to hit tH#ue ball?
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Figure 4 Different time frames with associated trajectory when Tom is riding his bike.

In this casave can imagine theatio as eboard completely filled with zeroesl'hen besides the
motion from the initial velocityall other motion comes from the force that Tom himself pushes
with his legsThis means that if he doesn’t pedal, thie the next moment he will reacthe third
cell as shown in figure 4lf he again doesn’t pedal then in the next moment he will reachittie f
cell from the extreme lefas show in figure 4cThis way he will continue to go to the right,
advancing two cedlfrom one moment to the next. Weay that he is moving according to a
inertia vector that is two cells to the right.

What will happen if in thdifth cell from left to right he pedals one unit in the upper direction?
Let sassume thabne unit of pedalingjives him one unit of velocityVhat cell will he reactat the
next moment?Hereyou have to consider the composition of two movements. @Grzement is
two positions to the ight due to inertia, and then anothenovementone positionup due to the
pedaling.This is shown in figuréd.

What will happen then if he doesn’t pedal anymore? What cell will he rgsitte next moment?

You have to consider that Tom now has an inertia vector that is two positions to the right and one
position up.If he doesn’t do anythinghenhe will move acerding to this movement and reach

the position indicatedn figure 4e What cell will he reacin the next moment? Given that he

doesn’t pedal anymore, he again will move two positions to the right and one position up.

Now let’s consider the original quést. If Tom has one opportunity to pedal and move one
positionup, where should he do it in order to hit the bal&elect one of the red question marks in
figure 4g.
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If there is no friction will the rock crash my house and kill my teddy bear?

Nowthat we know that there is inertiave can review Jane’s problem and consider this effect to
find out if the rock will crash her house and kill her teddy béain. my godMaybe inertia is bad
news.The movement of the rock is the effect of two movemer@sie is due tonertia. The rock

will continue with the same velocity as before. This means that you have to compute how many
cells the rock advanced horizontally and vertically last time and now move the rock in the same
way. Besides that you have to csider the direction of higher descent at the cell whéne rock

was last time. Now after the movement from inertia you move the rock in that direction.

E. Conexiones - Juega: /C:/Users/Roberto/Desktop/Aa nueve respaldo/Roberto/Desktop/respalde/RAS/RobertoAraya/Backu... [ == &J

oceeewo e v oomam

The rock always moves from a ’
cell according to a vector that
is the sum of two vectors:

The vector that goes from the
cell where the rock is located to
the neighbor cell with the
lowest height. If the lowest
height is larger than the height
where is now located, then this
vector is zero.

m

The vector that goes from the

previous position of the rock to
the actual position.

Connect the initial position of
the rock, that is initialy at rest at
the cell with the highest heigth.

Then consecutively connect
the cells where the rock will go
through, and determine if it will
crash Jane's house thatis in
the red cell.

Figure5: Screenshot of the activity to find out if the rock will crash Jane’s hauslee case bmovement with inertia
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Figure6: Screenshot of theonsecutivel steps to solve thactivity

A better model would be one where therte (and correspondent movement) that puséthe

rock will beproportional to the fall between cellsf the drop is higherike on a steep mountain

the movement will begreaterthan a situation where the slope is small. Studssitould also

consider the case where there is some friction and the movement due to inertia is only a fraction
of the previousmovement. These generalizations are part of building new improved models that
take into account more details and better predict what will happen in the real world.

Discussion

One of themost powerfulthinking tools that the expeguse for Mathematical Modeling is the
Potential function. Here we have shown thgtusing boards this tool can be taught to elementary
school students, starting from first grade okéover,according toour empiricalexperiencewith
thousands of studentthisis a very attractivactivity for them. It can be easily included in
meaningful and stimulating stories. It can also be adapted to concrete actiwitieill bugs,
worms,dogs,toy mountainsand bikes Student can also playndile floors wherghey canwalk
through the solutions.
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