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Preface for First Edition 
 

 

 

Education is the work to prepare for the future. Developing children who learn mathematics by 

and for themselves is one of the major issues on mathematics education reforms in the world (See 

such as Isoda & Katagiri, 2012). After the comparative study of mathematics classroom such as 

TIMSS video study in 90s, Japanese lesson study is the world-shared methodology as for the 

tools for professional development because the study indirectly demonstrated the quality of 

Japanese mathematics teaching and it is established by the lesson study. However, people often 

misunderstand the lesson study as for the talking about the class rather than studying subject 

matter. They enjoy the classroom observation likely listening to the music or watching the 

theatre. However, through listening to the music, and even if we enjoy talking about actors, we 

cannot prepare the good player ourselves. In Japanese lesson study, most efforts are done for the 

preparation of the class. The misunderstanding originated due to the limitation of the content 

guidebook to refer in English. On this reason, I have developed several resources which show the 

theory for the purpose to improve mathematics education with researches in the world. 

For the workshop of SMASE-INSET project under Japan International Cooperation Agency 

(JICA), Japan and Federal Ministry of Education (FME), Nigeria, this booklet includes the 

essential theory for enabling teachers to plan the class for developing children who learn 

mathematics by and for themselves. It focused on the innovation of elementary school 

mathematics based on the content which is well written in the textbooks in each country and 

known by teachers. The workshop done in Nigeria was based on the author's experience in 

Central and South America, South East Asia and Pacific as well as in Japan. 

May 7, 2013 

Masami Isoda, PhD 

CRICED, University of Tsukuba, Japan 
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Chapter 1: What is fraction? 
 

 

The professor asked the teachers:  

   There is 2m tape. Where is the position of ⅔ m? Show it by ↓ 

   0m                                       1m                                       2m 

Isoda, M. (1993) 

Possible Answers: 

 

           

 

 

Professor: You are good teachers, aren't you? Because you already have the custom to 

ask why to others and discuss. It means that you usually engage in a similar activity by 

yourself. You already have the mind set for learning how to learn by yourself! 

 

Discussion 1: Why do you think so? 

Som:  It is larger than 1m because 2/3 means:  

 

Ano:  No, the whole is divided by 3, then shaded the 2 third of 3 parts  

Som: Yeah, I should draw like that. 

 

Any:  Wow, 2/3 is less than 1. It is like this: 

Som & Ano: ..continue..(talking about part-whole) 

Som 

0m         1m          2m 

 

   ↑ 

 

Any 

0m          1m         2m 

 

↑ 

 

 

What do you want to do next?    Isoda&Katagiri (2012)  

 

I would like 

to ask why? 
Yes, we would like to 

discuss! 

 

1 

2 3 
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Any: ...continue... (talking about part-whole) 

Prof: I could not understand well all of your explanations and diagrams. What is the 

original question? 

Any:  Where is the 2/3m? 

Prof:  Yes, then, the denomination ‘meter’ is missing in all of your explanations. We 

should write the meter on the number line. Can you explain 2/3m, again? 

Any:  It is 2/3 of 1m 

Som: It is 2/3 of 2m 

 

Prof:  Now we can discuss what differences are there between these two ideas.  

The denomination of quantity is important. When we explain something with the 

situation, we usually omit some words which are already known in the situation. In this 

case, the unit of meter ‘m’ itself is written in the task; however the meter was missing 

from their explanation and diagrams. In their discussion, if the denomination of 

quantity is missing, we are not sure which part you are explaining. 

People who participated in the discussion; however, not sure which 

answer is appropriate. 

Then, Professor asked. 

 

Discussion 2: What is Fraction?  

Ano:  It is a part of the whole.  

Prof:  It is not clear. Could you explain it more exactly? 

Ano:  When the whole is divided into parts, fraction is the number of the parts in the 

whole. 

Prof: Still are missing some important terms. Can anyone support? 

Oth:  When the whole is divided into ‘m equally parts’, ‘fraction n/m’ is ‘n pieces of the 

parts in the whole’. 

Any:  The whole for 2/3m is 1m. 

Som: The whole for 2/3m is 2m. 

  

What is Fraction? 

 

0m             1m            2m 

What is the whole, here? 
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Discussion 3:  Which one should be the whole? 

Any: 1m 

Som: 2m 

Ano: 1m or 2m, which one shall we chose for the whole, in this task? 

Any:  The whole for 2/3m is 1m 

Som: The whole for 2/3m is 2m. 

Oth:  How can we discuss? 

 

 

 

 

Discussion 4:  For Example, if.............. 

Prof:  For example, if I change the task from 2/3m to 1/2m what will happen? 

Any:  The 1/2m is 0.5m. 

Som: The 1/2 of 2m is 1m. 

Ano: No, what you are saying is that 1/2m is 1m. However, 1/2m is 0.5m, isn't it? 

Pro: If I change the original question ‘2/3m’ to ‘1/1m’ what will happen? 

Oth: If Som's idea, 1/1m is the 1/1 of 2m, thus 2m. 1/1m =2m. It is strange. 

Prof: Yes, we can generalize Any's idea and not generalize Som's idea. When we say 

2/3m, the whole is denominated by the 2/3 'meters': The unit of meters is 1m in any 

time.  

 

 

 

 

  

In mathematics, generally applicable idea is strong. 

For checking it, we have to think 'For Example, ...." 

 

What did you learn from this class? Let's write 

your own resume based on what you learned. 
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Questions for professional development 1 

 

Q1.  Why did the author choose this story as for the introductory chapter? 

Q2.  Professor asked several questions in the class. Which question is most important in 

this class? Why do you think so? 

Q3.  Do you think the definition of fraction in the class is appropriate?  Why do you 

think so? 

Q4.  Explain the class using the term of appreciation. 

Q5.  If you conduct this task in your class or your teacher training program, what is your 

objective? 

Q6.  In your class, do you ask your students or teachers 'what do you want to do next?'. 

If you do ask, when do you ask it? If you do not ask, why?  

Q7. Please explain the professor's questioning and values from the viewpoint of the 

following. 

 

 

 

 

 

 

Q8.  What is the explanation in mathematics at elementary school level? Using the 

discussion in class, please explain what it is from the following three perspectives. 

 

 

 

 

 

 

Q9.  In the argumentation, for progressive dialectic, the way of discussion below is 

known as meaningful: 'If your saying is true, what will happen?'   

 In the class, Professor has used this dialectic method. Where did he use it? 

Three Major Objectives for Education as for Future Preparation 

1. Human Character Formation ∋ {Developing Mindset, Attitude, Value} appreciation 

2. Learning How to Learn ∋ {Knowing how to develop and reconstruct} reflection 

3. Knowledge and Skills ∋ {Understanding and Proficiency} acquisition 

Dizon, D., Ahmad, J., Isoda, M. (2017) 

Explanation of: 

1. Meaning, such as the base for the reasoning using different representation;  

2. Significance or Objective, why I would like to think such a way; 

3. Procedure, how I did. 

Isoda, M.(2008, 2009) 
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Chapter 2: Dividing Fraction and Quantity Fraction 
 

 

On the Fourth APEC-Tsukuba Lesson Study Conference, Gould. P.(2010), Inspector of 

NSW, Australia, lectured the roots of misconception of fraction in the case of Australian 

students with Australian textbook. He mentioned that the standard fraction notation 

itself encourages a ‘count’ interpretation of the regional ‘parts of a whole’ model (Figure 

1).  He quoted Hackenberg (2007) who asked the students to draw seven-fifths of a 

candy bar if the drawing of the rectangle on their paper represented a candy bar. 

Although both girls correctly created seven-fifths of the rectangle, when asked about the 

size of the pieces in the bars they had drawn, the girls maintained that the pieces were 

sevenths. Depending on his report, the major root of misconception is just counting of 

the parts without considering the whole. On his lecture, he also mentioned Japanese 

better approach. 

 

 

 

 

 

 

 

On the Fifth APEC-Tsukuba Lesson 

Study Conference, Lewis, C. (2011) 

lectured about her research for 

professional development which 

compared three groups: Lesson Study 

with Japanese Resource for fractions, 

Lesson Study without it, and Ordinal 

professional development programs. In 

her lecture, she mentioned two points: 

Firstly, Japanese approach for 

introducing fractions is better approach 

for understanding the meaning of 

fractions. Her recommended Japanese 

Approach is shown on the Figure 3a 

&3b.  

Figure 1 Circle Model and Answer of Grade 5 student (Gould, P. 2010) 

Figure 2  The effect of Lesson Study with Japanese 

Resource (Lewis, 2011) 
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Figure 3a.  Study with your friends: Mathematics for elementary school, Gakkotosho (2005, Grade 4, vol.2, 

pp.65-66;  2011, Grade 3, vol.2, pp88-89) 
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Figure 3b.  Study with your friends: Mathematics for elementary school, Gakkotosho (2005, Grade 4, vol.2, 

pp.65-66;  2011, Grade 3, vol.2, pp88-89) 
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Secondly, only the case using Japanese Resource for fractions has improved teachers' 

fraction knowledge, significantly. 

Both lectures recommended Japanese approach. One of their recommended approaches 

is shown in Figure 3a and 3b which uses the remainder for measuring the unit length 

1m. 

Questions for professional development 2 

 

Q10. Let's analyze the ideas of Som and Ano in Chapter 1 from the view point of Gould, 

P. (2009). 

Q11. Let's view Figure 3a and 3b. What is the common idea between Figure 3 and the 

suggestion of Professor in Chapter 1? 

Q12. In division, there are two meanings as follows. Let's analyze the dividing activity 

in Figure 3a and 3b from the viewpoint of two different meanings. 

    Partitive division         Quotative Division 

  

 

 

 

Figure 4. Gakko Tosho Grade 3 (Vol2. p4,p8, 

2005; vol1, p60, p64, 2011)  

  

 

 

 

 

 

Q13. Please do the activity in the Figure 3 by yourself and explain the difference with 

your traditional approaches for teaching fraction based on Pizza model such as on 

the figure 1. 

 

12 candies are divided by 4 

children, equally. How many 

candies one child can receive? 

 

12 candies are distributed by 4 

candies for one child. How many 

children can receive candies? 

 

Both activities for dividing are different for children however 

both activities include the repeated subtraction of the same 

amount from the total amount (Only see the left-hand-part of 

every picture, in Figure 4 left and right). Partitive division 

establishes the equally partition at first. Quotative division 

quotes the same amount recursively until we cannot quote, not 

sure the number of partitions at the beginning. 

. 
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In mathematics, fraction n/m as for rational number is defined when n and m are 

integers (or rational number) and m is not equal 0.1 If n or m are irrational or complex 

numbers, the fraction is not rational number. In mathematics, the concept is usually 

explained by the definition and the equivalent properties with exemplars. However, in 

school mathematics, especially for the elementary school, the meaning is explained 

using the different representations, model or situation with action (See Chapter 1, 

Q7,1). If we only teach number and calculation, children usually explain the ways of 

calculation as a rule (See Chapter 1, Q7, 3) when we ask them to explain ‘Why?’. If 

readers are hoping children to explain the meaning, you have to assist children to use 

the further representations and models with situation. To meet these demands, Q12 on 

this chapter has asked you to engage in the same activity by yourself. When you use the 

1m tape and you recognize the length of blackboard is 125cm, you can well prepare the 

activity on Figure 3.  

Fraction is used in various contexts/situations with different meanings even if it is 

clearly defined mathematically. First part of this booklet explains how Japanese 

distinguish those meanings.2 Second part explains how Japanese teach four operations 

of fraction. 

Dividing Fraction 

Many people believe that fraction is Dividing Fraction. It is the 

part-whole relationship which means that fraction n/m is dividing 

the whole into m equal parts and selecting n parts from them. It is 

deeply related with the activity of partitive division. 2/3 means the 

part-whole relationship which shows the whole is equally divided 

into three parts and selecting two parts. If the pizza is divided into 

three parts and take two parts, it means 2/3 of the pizza.  

Paper folding, Origami, of a square paper includes the possible action for dividing the 

object equally, such as half and quarter.  On this action, children usually think that 

dividing fraction cannot be larger than the one whole. However, as shown in Chapter 1 

where people lost the denomination, children usually lose the process dividing the whole 

into equal parts. As Gould mentioned, the misconception for dividing fraction is 

originated from giving children worksheets to shade the object already equally divided 

through counting. On these worksheets, children are not needed to recognize the whole 

and to think how to divide it at first, because they just count the number of parts on an 

equally divided object. At the same time, on the ill-solution in Figure 1, it is a 

relationship to see the confusion of the fraction as ratio which allows to think the part-

part relationship instead of the part-whole relationship described in Chapter 5. The task 

                                                

1 Fraction, rational number, as a number system will be discussed at later chapters. 

2 Internationally, there are various technical terms to explain the meaning of fraction on situations such as 

Behr, M., et al. (1983) and Charalamous, C. Y & Pitta-Pantazi, D. (2007). However, it is un-usual to 

distinguish dividing fraction and operational fraction. Japanese technical terms are more precise to 

establish fraction in relation to what students learned on multiplication and division (see Isoda&Olfos, 

2021, p.91). 
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itself expected to think part-whole relationship, thus, the major problem is related with 

their losing of whole for equally-dividing the whole on the context. For developing better 

understanding, we have to begin the activity to set a whole as one unit by children and 

ask them to divide it into the number of equal parts. After dividing into equal parts, 

children chose the necessary number of parts from the whole.  

Any length of tape can be divided equally if 

we use the parallel lines with same 

interval. Necessity of this diagram is 

related with dividing the whole to the equal 

parts.  

 

Exercise:  

Draw 1/3 of Pizza on your notebook and 

compare the size of it with other’s drawing. 

 

Operational (measuring) Fraction 

Operational Fraction (measuring fraction) 

can be seen as a kind of dividing fraction 

however it tries to measure the whole as a unit by the remaining part. From the 

viewpoint of division, it can be seen the activity of quotative division. In the following, 

three times of the remaining part is 1m. It means that 1/3 of 1m is the unit for counting 

however the whole, that should be divided, is 1m. Additionally, the original length is 

longer than the whole 1m. Mixed fractions and improper fractions have already existed 

even though children do not study them.  

 

 

 

 

 

 

 

 

 

 

It is strange! We cannot always measure the 1m using the remaining 

part. What shall we do when we get another remaining when we 

measure the whole by the part? The operation does not work! 

Yes, you usually give me the good question. Euclid (BC 3C) approved 

the way to find the unit (Greatest Common Divisor) for the 

measurement. It works with whole numbers (Integers) and called 

Euclidian Algorithm. 
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Euclidian Algorithm 

For example, Greatest Common Divisor of 18 and 42 is: 42=6x7, 18=3x6, 3 and 7 are 

prime numbers, then 6 is GCD of 18 and 42. It will be found using the remainders as 

follows. 

  42=2x18+6     →   18=3x6 

42 divided by 18, the remainder is 6.     18 divided by the remainder 6.  

 

 

 

 

 

 

 

 

 

Exercise:  

Let's find the GCD of (41, 18) by the rectangular diagram. 

Quantity Fraction 

Quantity fraction is the fraction with denomination. 1/3 of 1m is 1/3m in quantity 

fraction. The dialectic in Chapter 1 is done between quantity fraction (2/3m) and 

dividing fraction (2/3 of 2m). If we lose the denomination, we cannot distinguish 

quantity and dividing fraction like the communication in Chapter 1. It means that we 

cannot arrange the position of fraction on the number line if we do not have the 

denomination of the quantity. Quantity fraction allows us to compare the size of fraction 

in relation to the unit quantity. Dividing fractions are not easy to compare on the 

number line because the size of the whole unit is not clear and it looks always less than 

one. 

In Figure 3a and 3b, all fractions are denominated with meter. All of them are quantity 

fraction based on the unit meter. In Japanese textbook, fraction is introduced by the 

quantity fraction with operational fraction and dividing fraction. It is better than the 

traditional approach introduced by dividing fraction for recognizing what is a unit 

(whole). Because it allows us to extend the fraction larger than the whole unit, and 

enables us to compare the size of fraction on the number line. 

       

       

       

42 

181 182 6 61 

18 

42 

18  

181 182 6 

61 

62 

63 

The rectangular 

diagram is the better 

way to demonstrate 

Euclidian Algorithm. 

63 62 
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Unit Fraction for measuring unit 

Unit fraction is the fraction in which numerator is one such as 1/3. Unit fraction is the 

unit for measuring up to improper fraction. Any fraction is represented as follows: (the 

specific number) x (the unit fraction). It is the necessary base to extend proper fraction 

to improper fraction. Thus, in fractions, there are two types of unit. Firstly, the whole is 

the unit. Secondly, unit fraction. The unit fraction is the unit for counting the 

numerator.   

The idea of unit fraction on base ten place value system is related with decimals. For 

example, 1 mm as unit quantity for length is usually introduced as dividing 1 cm by 10, 

equally. The relationship between 1cm and 1 mm is a base to introduce decimals such as 

10 mm is 1 cm and 1 mm is 0.1 cm.  1 cm and 1 mm scales are given on the ruler and 

tape measure, it is the base for number line which begins from 0 to +∞. On this context, 

operational fraction and unit fraction are the bases for extension of numbers. 

In world known Japanese approach, fraction is didactically explained using various 

technical terms and introduced based on quantity and operational fraction, the 

remainder as measurement, for preparing the unit fraction (Figure 3b). If children 

understand the quantity fraction and the unit fraction, they can easily represent the 

fraction on the number line such as in Chapter 1, and easier to think four operations of 

fractions. 
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Chapter 3: Addition of Fraction with Different Denominators 
 

 

The professor asked the teachers: 

 

 

 

 

Possible Answers: 

 

           

 

 

 

Professor: Yes, we would like to listen their ideas. Can you imagine their diagrams for 

explanation? How do you teach to find the common denominator? 

 

Exercise 

Exercise1:   Let's plan the process of dialectic discussion between two different ideas 

through the drawing diagrams which support each of answers. 

Exercise 2: When you plan, what are the expected knowledge for children before the 

class and what knowledge do they have, actually, for those two ideas? What 

shall they learn before this class for enabling them such a discussion? What 

shall we teach before you plan your class?  

Som 

Yes, we have children 

who calculate as 

follows: 

1

2
+

1

3
=

1+1

2+3
=

2

5
 

;
1

3
=ここに数式を入力し

ます。 

Any 

Yes, we have. However 

we have to teach: 

1

2
+

1

3
=

3

6
+

2

6
=

5

6
 

How can you plan their argument? 

 

I would like 

to ask why? 

I would like to ask to 

draw diagrams to 

explain the meaning. 

In addition of the fractions, we teach the case of the same denominator 

at first and then we introduce the case of different denominator. 

 In the case of 
1

2
+

1

3
: 

We have two bottles with 
1

2
L and 

1

3
L of milk. How much L in total? Can 

you imagine the student’s answer?                                     Isoda (1996) 
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A Sample of Arguments: 

 

Teacher: Good, now we have different answers. What shall we do? 

C1: How did they get their answers? 

C2: Yes. 

Teacher: Then, we would like to ask: how do you get it? 

C3: 
1

2
+

1

3
=

1+1

2+3
=

2

5
 , I added numerators and denominators each. 

C4: 
1

2
+

1

3
=

3

6
+

2

6
=

5

6
, I tried to find the common denominator.  

Teacher: Do they explain in the same way? 

C: (No, answer). 

Teacher: Do you have any questions for them? 

C1: I have a question for C3, why you added the numerators? 

C3: As I explained,  
1

2
+

1

3
=

1+1

2+3
=

2

5
 , I added numerators and denominators. 

C4: The total,
2

5
 is smaller than  

1

2
. If  

1

3
L of milk is added to 

1

2
L of milk is less than 

1

2
 L. It 

is very much strange, isn't it? 

C3:  Yes, it's strange...then I cannot add denominators? 

C5: No, it is not strange. I will explain the bottles like this: 

In the case of fractions, it is true. 

 

 

 

 

 

C3: Aha, yes, it is! 

Teacher: Then, you say in the case of fractions, it is possible to say that the total from  
1

2
L of milk and  

1

3
L of milk is less than 

1

2
L.  

C: No!  Yes! 

Teacher: Yes or No? It looks C5 is less supported. Why? 

C4: The milk bottle of C5, the size is not the same. 

C5: Yes, the shape of the milk bottles are not usually the same. 

+ = 
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C4: .... 

Teacher: Why did you use the common denominator, C4? 

C4: Because we added when the denominators are the same. 

 We learned the addition of fractions in the case when the denominators are the 

same. 

C2: Yes, we know the addition of the same denominator. In that case, we added the 

numerator. This task is not the same.  

Teacher: Did you draw a diagram, like C5? 

C4: No, I did not. I think that it is the rule. 

C5: Oh, the rule? I could explain my idea by the diagram. 

  Please count in my diagram.  

 The way of C3 will be the right rule, not C4. 

C6: I draw a similar diagram, not the same as C5:  

 

 

 

 It shows that the value is larger than the parts. 

 

Teacher: Now, we have two drawings. Which diagram is reasonable for establishing the 

way of calculation? 

C3: I do not think C6 is explaining C4: 
1

2
+

1

3
=

3

6
+

2

6
=

5

6
 .  

 It may explain the part of 
1

2
+

1

3
=

5

6
, however it does not explain  

1

2
+

1

3
=

3

6
+

2

6
.  

 Why you have to change the fraction on 
1

6
?  

Teacher: It means that why C4 has to change the denominator, right?  

C3: Is that a rule, also? If it is the rule, my own is better because we can explain the idea 

by counting like C5. 
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C6: If we have to explain it by counting, we have to share the unit at first. If we set the 

unit for counting from the difference between 
1

2
 and 

1

3
: 

.  

 

I could count six times of the unit.  

Thus, the unit for counting is 
1

6
. 

 

 

C5: Aha, I got it. However, why do you use the unit for counting by the difference? Is it 

occasionally? Can you do that every time? Or, you already knew the difference in 

fractions with different denominator? 

C6: Not sure, however, if you consider every time, do you think your idea also works 

every time? 

Teacher: Yes, in mathematics, we develop generally applicable ideas. It must be 

important point for discussion. 

C5: Yes. 

C4: Wow, did you add the denominators in the case that the denominators are the same? 

C5: What? 

C4: For example, how do you think in the case of 
1

2
+

1

2
.  

We already learned it is 
1

2
+

1

2
=

1+1

2
= 1, right? 

But if your idea is true, 
1

2
+

1

2
=

1+1

2+2
=

2

4
=

1

2
. It is strange. 

C3,C5: Wow, yes, it is strange. Is it the reason, if the denominators are the same, we add 

the numerators?  

C4:  Yes, now I understand why I did it. That is the objective why I changed the 

denominators into common denominators! However, how can we produce the 

common denominator for the addition of fractions in the case of different 

denominators. I am still not sure of the ways of calculation. 

Teacher: Aha, for considering generally, we checked each proposed way by C3 and C4 on 

the different denominators by the known case of the same denominator. Then, the 

way of C4 works and the way of C3 does not. However, the diagram by C5 still looks 

fine. Why did it produce the inappropriate answer? 
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C6: The size of the bottle should be the same. In this case, if we draw the diagram of a 

1L milk bottle, it is fine. 

Teacher: Yes, we need to write the size of quantity on the diagram. In this case, we 

should draw 1L as for the whole bottle size in every diagram. We should use the 

same size bottle for explaining the addition and subtraction of fractions. In the 

diagram of C5, we counted different size of fractions. 
1

2
L is counted one and 

1

3
L is 

counted one. We cannot count one, two because the size is not the same. The 

diagram by C6 used 
1

6
 L for the same counting unit. 

C4: Wow, this is the reason why I used the common denominator. Still not sure of the 

ways. 

Teacher: Then, from now, we would like to find the shorter and simple way of 

calculation by considering the common denominator. 

 

Questions for professional development 3 

Q14. In the argument, you may see the same discussion which you read in Chapter 1 

and it will be explained by the several terminologies as mentioned in Chapter 2. 

Let's explain the argument by the terminologies. And explain your appreciation 

about the terminologies for understanding the difficulty of fraction and what is the 

necessary content for teaching. 

Q15. In the argument, what kind of explanation did you find? Please read each 

explanation from the viewpoint of Chapter 1, Q8. Why do we need the diagram? 

What C4 wished to say? For developing children who learn mathematics by/for 

themselves, what type of argument you would like to establish in your classroom. 

Q16. If you are not used to draw a diagram for explaining fractions by yourself, the 

argument might be difficult for you to understand. The difficulty that you 

recognized is based on the unknown. It means that it is the chance for learning. At 

first, let's discuss about which part do you feel a difficulty and then, talk about what 

you shall learn.  

Q17. When you feel a difficulty, your children also feel the same. Please ask your 

children who knows addition of the same denominator and equivalent fraction, but 

not yet learned the case of different denominators to read this discussion. And ask 

them, how do they read? It is also a good chance to learn from children for knowing 

what is the task for their learning and what is necessary for your preparations. 

Q18. The argument itself was implemented in a class (see Isoda, 1996) and not unusual 

in Japan. When we compared the classes, major difference is the teaching before the 

class. What kinds of content shall we teach before this class? 
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Chapter 4: When does Fraction become Number? 
 

 

Number system is the set with mathematical structures such as the relationship of 

equivalence, greater/less and operations (addition and multiplication). Mathematically, 

fraction n/m is an element of rational numbers, if n and m are integers and m≠ 0. If n or 

m are irrational or complex, it becomes a part of a larger number set. 

In school mathematics, when we extend numbers we usually discuss 

existence/necessity/significance, equivalence/larger/smaller, and four arithmetic 

operations. If fraction is completely learned, we can recognize the fraction as a part of 

number set: It is a representation of rational numbers which are bridged with decimals. 

In other words, fraction is not the number until it has been fully completed.  

On this context, every teacher should know that the dividing fraction is not the number. 

It represents the part-whole-relationship actions on the object such as half of a Pizza. 

Quantity fraction can be arranged on the number line for quantity as well as other 

numbers such as decimal numbers. Dividing fraction usually begins from the whole and 

it is not easy to represent on the number line as long as what is the whole which we 

discussed on Chapter 1. 

Equivalent Fraction 
1

2
=

2

4
=

3

6
=

4 

8
=

5

10
... is the equivalent fraction of 

1

2
. At the lower grades the dividing 

fraction, which is represented by paper folding activity, is learned for knowing the half 

and the quarter, two quarters, and three quarters. It is a necessary activity for knowing 

the procedure to get the half and the quarter. However, the paper folding activity for 

dividing fraction is usually missing 
3

6
, because it cannot be represented by the folding 

procedure into half.  

Number Line 

Number line shows the magnitude/size of numbers up to real numbers as position which 

is useful for comparison. Number line is scaled by using equally dividing of 0-1 span as 

dividing fraction and by the unit fraction as operational fraction. As shown on the 

Figure 3a in Chapter 2, we can divide any string into the number of equal parts. On this 

basis, we can draw the diagram of number lines which demonstrates the equivalence, 

larger and smaller (Figure 5). Through showing the position of fraction on the number 

line, it supports to see the fraction as number as well as others. 

The number line includes more than 1 on Figure 5 like a ray. If it is represented by a 

segment between 0 and 1 without any extra part more than 1, it is just a representation 

of dividing fraction which shows a part-whole relationship like folding a tape. Here, the 

whole is 1 without considering the possibility of extension. As discussed in Chapter 2, 

operational fraction is majored by a unit fraction (remaining part). The number of unit 

fraction shows a numerator: then extended to improper and mixed fraction more than 1. 
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Quantity fraction 
2

3
m implicates that the unit-quantity is 1m. If quantity is indicated on 

the number line, the number line shows quantity. 

 

 

Fraction is Expression: Fraction as Quotient 

The answer of division is known as a number. When a fraction can be seen as a division 

expression, it supports to see fraction as a part of number.  

Fraction is related with division which includes both meanings of quotative and dividing 

fraction on situations (see Chapter 2). In both situations, fraction represents the value of 

division such as 1 ÷ 3 =
1

3
.  We call it fraction as quotient. On this definition, fraction is 

connected with a number as well as the whole number (See figure 6a and 6b) because 

the answer of division should be a number on the perspective of the permanence of form. 

In relation to two division situations,  1 ÷ 3 =
1

3
 implicates equally dividing like dividing 

fractions. 1 ÷ 3=0.3333333… in action related with operational fraction by focusing on 

remainders. However, if we write 0. 3̅ (“―” comes to the top of 3) it is 
1

3
. 

Figure 5. Equivalent fraction on the number line. GakkoTosho 

(Grade 5, vol2, p24, 2005; Grade4,Vol2, p78, 2011) 
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Exercise. Let’s read and answer. 

 

   

  

Figure 6a. Gakko Tosho Grade 5. (vol.2. p29, 2005; vol.1. p128, 2011)  
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Figure 6b. Gakko Tosho Grade 5. (vol.2. p30, 2005; vol.1. p129, 2011)  
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If children can see the fraction as quotient, now fraction is a part of number which can 

be seen as the expression of division such as 
1

3
= 1 ÷ 3. If fraction is given by the 

expression of division, the meaning of equivalence fraction is also understandable 

because it is not a mysterious property that only appeared on the fraction. In any 

arithmetic operation, it has similar properties. When the equivalence of fraction is 

recognized on the basis of the fraction as quotient, all four operations complete the 

properties of equivalence on their expressions.  

On mathematics, it is the discussion of equivalent class. 

Questions for professional development 4 

 

Q19. Let's find the equivalent property of addition and subtraction: Gakkotosho Grade 

1. 

  
(pp82-83, pp92-93,2005; pp96-97, pp106-107, 2011) 

Q20. In Chapter 2, Q11, there are two meanings of dividing activity. Which activity can 

you see on the figure 6a and 6b and explain why. 

( Gakkotosho Grade vol.2, p.92, 2005) 

Q21. Let’s find the same product in the multiplication table. 
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Chapter 5. Fraction in relation to ratio and proportion 
 

 

In relation to the fraction as quotient, fraction is used for representing the ratio ‘ : ’ as 

(Ratio) = (Comparing Quantity) ÷ (Base Quantity for the Unit of the Ratio). There are 

several contexts to use ratio. Japanese approach consistently uses Tape diagrams, 

Number lines, Area diagrams and Tables, as representations for thinking. 

Firstly, ratio (value of ratio) is the result of division. There are two contexts in relation 

to the meaning of division. The following two types of dividing activity: partitive division 

and quotative division (Chapter 2, Q11). 

 

 

 

 

 

When we see the underlined words in both tasks, the partitive division treats different 

quantity/denomination such as candies and children, and quotative division treats the 

same quantity/denomination.  

On terminology, rate is the ratio for different quantities. Division by the different 

quantity (partitive division) is the rate which is unknown quantity represented by the 

quantity per the different quantity such as (speed (km/h)) = (distance (km)) ÷ (duration 

(hour)). One person runs 10km/h and another person runs 8km/h. Even if two people run 

together, they do not run at 18km/h. The quantity such as speed which cannot be added 

is called connotative quantity. It is usually given specific name such as speed.  

Division by the same quantity (quotative division) establishes the ratio of the same 

quantity which produces the rate to show coefficient/multiple (how many times). If we 

carefully read the task for quotative division situation, it is not exactly the same 

quantity/denomination. Because, contextually, it can be represented by (number of 

children) = (12 (candies)) ÷ (4 (candies for one child)). On the quantity expression, it is 
(𝐶𝑎𝑛𝑑𝑖𝑒𝑠)

(
𝐶𝑎𝑛𝑑𝑖𝑒𝑠

𝑎 𝑐ℎ𝑖𝑙𝑑
)

= (𝐶ℎ𝑖𝑙𝑑𝑟𝑒𝑛). Both numbers 12 and 4 are number of candies for students. Thus, 

it is unnecessary to see them as different quantities. 

There are countries that use the ratio symbol ‘ : ’ as the for division symbol ‘÷’. It means 

that a : b is the same as a÷b and 
a

b
. To distinguish the ratio of different quantities 

(usually with special name as for new quantity) and the ratio of the same quantity (just 

in case, a<b and it is the narrow usage of WARIAI in Japanese) is reasonable. On the 

context of ratio a : b, 
a

b
 is called value of ratio. 

Partitive Division 

12 candies are divided by 4 

children, equally. How many 

candies one child can receive? 

Ans. 3 candies for one child 

 

Quotative Division 

12 candies are distributed by 4 

candies for one child. How many 

children can receive candies? 

Ans. 3 persons 
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Questions for professional development 5 

The following tasks show the various context of ratio. Let's answer the following 

questions. 

Q22.  

1) Solve the following task. Provide the answer using percentage. 

2) Explain the feature of the task using the following terms: Partitive division, Different 

Quantities.  

 

 

(Gakko Tosho, Grade 5, vol.2, pp57-58, 2005; pp85-86, 2011) 
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Q23.  

1) Solve the following tasks and explain the base quantity for each task.  

2) Explain the role of tape and number-line diagram. 

3) Explain the situation using the quotative division and the same quantity. 

4) 16 ÷ 20 =
16

20
=

4

5
 . Can we explain the task by the part-whole relationship? 

 

(Gakko Tosho, Grade 5, vol.2, pp59, 2005; pp87, 2011)  
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Q24. 

1) Solve the task using ratio. 

2) If we consider the case of 6 mats for comparison, we do not need to use the idea of 

ratio.  

 
(Gakko Tosho, Grade 6, vol.1, p74; Grade 5, vol.1, p19) 
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Q25. 

1) Let's solve the following tasks.  

2) If you change the ratio to fraction, is it representing the part-whole relationship? 

 
(Grade 6, vol2,p35,2005; p11, 2011) 
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Q26. Compare the following task with Q23. Can we see the fraction by the part-whole 

relationship? 

 
(Gakko Tosyo,Grade6, vol2,p27,2005; Grade 6, vol.1,p53,2011) 
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Fraction as Ratio 

On the context of ratio a : b, 
a

b
 is called value of ratio. However, in some countries, 

fraction is usually explained on the context of the part-whole relationship. Contextually, 

it is correct, however, in the previous chapter, the author already explained that this 

narrow understanding of fraction has developed huge misconceptions of fraction itself. 

Fraction 
n

m
 (m ≠ 0) in mathematics is a representation of rational numbers. It is the 

value of ratio n:m which cannot be defined by the part-whole relationship. For 

understanding fraction, we should know the various meanings and must use suitable 

representations for every meaning.  

Indeed, on the context of usage on the ratio, we cannot generally explain the fraction by 

the part-whole relationship. For example, speed is the quantity such as km per hour. 

Distance is not the part of time duration. The ratio of boy and girl is 2:3. In fraction, it is 
2

3
. It means that if there are three girls, the boys must be two: 

2

3
× 3 = 2. Here, the boy is 

not the part of the girl. The boy is the part of the whole human, not the girl. The ratio of 

boy and human 2:5 can be seen as a part-whole relationship.  

Thus, through the learning sequence, children relearn all meanings or contexts of using 

fraction, and at the end of it. They can be re-presented/integrated by the idea of ratio. 

Fraction as ratio is usually used in the context of multiplication. The ratio of boys and 

girls is 2:3. The value of ratio is 
2

3
.  

2

3
 is used for knowing the number of boys when the 

number of the girls is given: (the number of boys)= 
2

3
 x (the number of girls). This is the 

proportion. On the equation to represent the proportion, the ratio is used for the 

coefficient. Until students well understand the proportionality3, we cannot say that the 

dividing fraction is the fraction as ratio.  

Let’s think about the various representation of proportionality. Firstly, proportionality 

appeared from each row of the multiplication table. However, on the multiplication 

table, children do not clearly think co-variable. It is difficult to distinguish the co-

variable with the term of multiples from the co-variable with the term of 

difference/increase at the introduction of rows because they are developing each row by 

adding multiplier based on accumulation. 

Exercise 

If there is proportionality between the length of ribbon and its price, please fill in the  ? . 

 

 

                                                

3 Here, proportionality means properties to correspond proportion such as if x value 

become 2x, 3x, and so on, corresponding y value become 2y, 2y and so on. 
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Rule of Three: two by two matrix table 

In the situation of the proportionality, if three numbers are 

given on the table, we can get the one in the remaining part 

of the table. Historically, this rule is called 'Rule of Three' 

which was the ancient’s method for ratio and proportional 

reasoning. The idea itself is well known at the age of 

Egyptians (BC17C). It has existed before the invention of 

expressions and equations for algebra. Historically, the Rule of Three in 17th century is 

represented the arrangement of table with only four numbers.  

In school mathematics, the rule of three was taught just as a rule in relation to ratio and 

proportion. Later, the rule of three is represented by the three different expressions or 

formula, however we should know that the original rule of three itself was used without 

current expressions. It was used to be the number-arrangement on the paper to consider 

the ratio and proportion. Currently, we distinguish it by different formula of 

multiplication and division depending on the arithmetic situations. However, rule of 

three is based on the ratio and we do not need to care to distinguish the multiplication 

or division expressions depending on the situations. If we array numbers and consider 

the relationship with idea of ratio and proportion by using multiplication and division, it 

is enough. On this meaning, the person who explains the rule of three as the three 

different types of formulas is not using the rule of three but thinking based on current 

arithmetic representation oriented to algebra which should be represented by the 

different expressions. Likely using rule of three in ancient era, table and arrow 

representation for representing ratio must be easier for everyone and closer to the 

ancients approach because rule of three does not need to distinguish the situations by 

the three different types of expressions. On the algebraic representation of situation, if 

given quantities on ratio x to y, the value of x/y is ratio and y is the base. The formulas, 

x/y=a, x=ya and y=x/a, correspond to three types of situations. On the rule of three, if 

the situations are written on the two by two matrix table as one unknown on three 

known, we do need to distinguish the place of given numbers and multiples,un-

necessary to memorize three formulas. If we use the rule of three meaningfully on ratio 

and proportion, we do not need to distinguish these three types of formulas.  

Tape and Number-Line diagram: Proportional number line 

Proportionality or Rule of Three are represented on the tape and number-line diagram 

as well as table. Japanese has been using these representations since 1960s.  

If the rule of three on the table is just used for the rule, relatively, the tape and number-

line diagram are better to represent the meaning of proportionality because it works to 

represent co-variable with the images of the size of number on the line. Even if children 

do not know the term of proportion it supports to establish the way to develop 

expression and its calculation. We call it proportional number line. If we use the rule 

with tape diagram instead of table, it shows meaningful magnitude.  
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For explanation of meaning, we usually use various representations.  Expressions can be 

derived from them. Proportional number line is also useful for studying fractions. The 

diagram of operational fraction with the remainder in Chapter 2, Figure 3, is also seen 

as a kind of proportional number line. Children draw table and diagram if their teacher 

clearly taught how to draw and use them. Teachers have to learn how to draw the 

proportional number lines. 

 

(Gakko Tosho Grade 5, Vol.1, pp29-30,2005;pp30-31,2011) 

Exercise 

Let's get the price for 2.4m by the proportional number line.  

For knowing how and what, please explain the way to use the proportional number line 

by yourself. 

 

(Gakko Tosho Grade 5, Vol.1, pp30, 2005;pp32,2011) 

Multiplication as for the Origin of Proportionality 

Origin of proportionality is multiplication table. At the introduction of multiplication 

table, every row can be seen by additive property and later, we re-see it for 

multiplicative property. It is the origin of proportionality. 
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(Isoda&Olfos, 2021. p.96) 

For developing the proportionality, Gakko Tosho textbook (2021, Grade 3) introduces 

proportional number line as follows after students learned multiplication table. 

 

After students learned proportion in grade 5, it is drawn as follows (Isoda, Olfos 2021). 
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How to draw the proportional number line 

 

Firstly, draw the amount for unit which is known: 

 

 

 

Secondly, draw the unknown for estimation: 

 

 

 

Thirdly, add possibly known from estimation: 

 

 

 

If not clear, let's change the unit for measuring the unknown: 

 

 

 

Finally, search the way of calculation under the proportionality: 

 

 

 

 

 

 

 

0 1 m 

80 yen 

2 

? 

0 1 m 

80

2.4 

yen 

160 

2 

? 

0 1 m 

80 

2.4 

yen 

160 

2 

? 

0 1 m 

80 

2.4 

yen 

0.1 

8 

   160 

 2 

? 

0  1 m 

  80 

2.4 

yen 

0.1 

8 

÷ 10 

÷ 10 
× 24 

× 24 

One of the objectives to draw the 

proportional number line is 

searching the way of calculation. 

Its procedure for drawing is like 

this. Arrows show the calculation 

based on the proportionality. 

The price of 2.4m is not 

sure. If I change the 

unit 'm' to 'cm,' it is 80 

yen for 100cm. How 

much in 240cm.  Aha, 8 

yen for 10cm: it means 

0.1m! 

80 × 2.4 =?  The length corresponds the price. The re-measuring process is represented 

by the arrows. The arrow sequence represents  80 ÷ 10 × 24. Aha!! 
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Chapter 6. Multiplication and Division of Fraction (1) 
 

 

For developing the multiplication and division of fractions, this chapter mainly explains 

the necessary knowledge needed to produce the idea for it. 

 

 

 

 

 

 

 

 

 

 

 

 

Number line 

In chapter 1 and 2, we recognize that shading activities, the parts for counting, is the 

root for the misconceptions of fractions for missing the idea of whole as for a unit. For 

developing children who learn mathematics for and by themselves (see Chapter 1), 

children are necessary to draw and use appropriate diagrams for explaining their ideas. 

On the previous chapters, appropriate diagrams need to show original unit with 

quantity fraction and the unit fraction for measuring its number, like measuring by 

using the remainder as for operational fraction. The tape and number line with 

quantities are appropriate diagrams on this condition. For developing children who will 

draw such a diagram, firstly, we have to develop children who draw the number line by 

and for themselves.  

Number line which shows the position of number on the line is introduced by taking the 

same intervals by the unit of measurement recursively for comparing the size of 

number. At this moment, it looks like a line of discrete numbers because it is given 

 

 

The idea of proportional number line was originated from Rene Descartes 

(1637). Japanese Math-Educators such as Takeshi Ito invented it to 

establish the Heuristic Teaching Approach for elementary school 

mathematics with the extension and integration curriculum sequence in 

the 1960s. From the 1990s, it became the world famous approach as for 

the representations to develop the competency for proportional reasoning. 

Japanese textbooks such as Gakko Tosho established well teaching 

sequence for developing it.  

Why did Professor 

recommend us to 

use the proportional 

number line? 

To explain the meaning of calculation, we must 

change the representation which explains the 

process in a visible and understandable way. 

If we do not use it, we only teach skill as a 

rule. Where shall we use it to explain the 

meaning? We have to teach how to draw. 

http://math-info.criced.tsukuba.ac.jp/museum/dbook_site/


©Masami Isoda (2013). Fraction for Teachers: Knowing What before Planning How to Teach. Tokyo: CRICED, University of Tsukuba 

46 
http://math-info.criced.tsukuba.ac.jp/museum/dbook_site/ 

by interval as for the scale on the line and there is only one interval but no number 

between two numbers. On the process of extension of numbers, when students re-scale it 

by using smaller units or larger units, it begins to function as number lines which shows 

the position of various numbers and used for extension of numbers. At the beginning, 

children learn the '0' is the starting point on 

the line instead of ‘nothing.’ On the number 

line, 0 shows the origin of position as for 

measuring by the interval (unit). The 

difference of positions shows the distance (the 

number of intervals: cardinal number).  

If teacher does not teach the measuring by 

the unit from the starting point 0, children 

may confuse one on counting intervals as 

scale number 0 on the left instead of the 

scale number 1 on the right. Children learn 

the number line as for comparing the size 

and ordering of numbers, and recognize the 

number on the base ten system. Taking 

interval is the preparations for the 

multiplication and division, too. 

(Gakko Tosho, Grade 1, pp71-72, 2005; pp82-83,2011)  

If your children do not know how to draw the number line, let's give them the 

opportunity to draw it by themselves. It is the activity of measurement by using 

arbitrary unit. 

Multiplication 

 

(Gakko Tosho, Grade 2, vol.2 pp2-3, 2005; pp6-7,2011) 

In the case for lower elementary school mathematics, children study how to use daily 

language mathematically on the situation. Definition of arithmetic operations is usually 

done on the situation in daily context because we have to develop children to use four 

arithmetic operations on their daily life.  
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On this issue, multiplication is introduced at the following situations: the number of 

dishes and the number of objects for each dish.  

From the viewpoint of measurement, the situation is used to explain multiplication that 

the multiplication is measuring the amount of the quantity by the unit of quantity when 

the unit for the amount is known by the quantity (Ministry of Education, Japan, 1960; 

Freudenthal, 1983). For example, when the amount is 8 dishes and the unit for the 

amount is 2 cakes in each dish, the measured amount by the quantity is 8 x 2 =16 

(cakes).  

This definition works for multiplication of decimal numbers and fractions as well as the 

situation of repeated addition. For example, when the amount of steel is 2.4 m and the 

unit weight for the steel is 1.5 kg for one meter, the measured amount by the quantity is 

1.5 x 2.4 = 3.6 (kg)4: 

 

 

 

 

 

 

 

In relation to how to calculate, multiplication is explained with the repeated addition, 

however, multiplication of decimal numbers and fractions is not explained by the 

repeated addition but explained by multiplication table with distribution law on base 

ten place value system. For explaining the multiplication of decimal numbers and 

fractions, we can use the proportional number line which represents the meaning of 

multiplication by measuring. 

 

How to find the expression from the situated problem 

At the end of last chapter, you learned how to draw the proportional number line by the 

task below: 

                                                

4 This textbook is using Japanese notation: 1.5 (kg/m) x 2.4 (m) = 3.6 (kg). In English 

notation, it should be 2.4 (m) x 1.5 (kg/m) when ‘2.4 x 1.5’ is read as ‘2.4 times 1.5’. In 

English, ‘2.4 times’ implicates ‘multiplied by 2.4’. Thus, as long as you read ‘1.5 x 2.4’ as 

‘1.5 multiplied by 2.4,’ Japanese notation of multiplication is understandable. Indeed, ‘a 

x b’ can be read as ‘a multiplied by b’ even in English. English usage has inconsistency. 

0 1 
m 

kg 
0 1.5 

  2 

1.5x2 

  2.4 

1.5x2.4 

1.5kg 
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The box (in blank) is 2.4 at the end of last chapter. The children who have not yet 

learned the multiplication of decimal numbers and fractions cannot easily recognize that 

this task is multiplication. On the other hand, if we put the whole number such as 2 into 

the box, children who learned the multiplication of whole numbers could easily 

understand that this task is multiplication because multiplication is introduced in daily 

situations on the whole numbers.  

On the context of extension of numbers and operations, Japanese teachers usually 

prefer this problem posing strategy like this form and ask children to put any number 

they want into the box and discuss how. Through putting into a simple number, children 

recognize this task as multiplication and in the case of whole numbers, they already 

learned, and in the case of fraction and decimal numbers, they did not yet learn. When 

the class begins this way, children recognize this task as the task for multiplication and 

they would like to inquire how to find the answer using what they already learned. 

Exercise 

Let's draw the proportional number line when the box (blank) is 2 (m), 2.3 (m) or 
3

2
 (m) 

on 1  . 

In this exercise, for answering in the case of 2.3 m, we have to change the unit from 1m 

to 0.1m as well as the case of 2.4m. In the case of fraction, we usually change the unit 

from 1m to the unit fraction: this case 
1

2
 m is the unit for measuring. If 1m is 80 yen,  

1

2
 m 

is 80 ÷ 2 yen. If 
1

2
 m is 80 ÷ 2 yen, 

3

2
 m is 80 ÷ 2 × 3 yen. For considering like this, 

children need to draw a proportional number line and apply multiplication and division 

on the number line. 

Fraction × Whole Number 

Please explain the following: 
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If 1 piece is  
7

5
 m and addition of fractions is known, 4 pieces are 

7

5
× 4 =

7

5
+

7

5
+

7

5
+

7

5
=

28

5
. 

After the explanation, we should ask children as follows: Is it possible to find an easier 

or faster way? Then, 
7×4

5
 is recognized as a simple way for 

7

5
× 4.  

In mathematics, we usually produce shorter and simple ways. Seeking simplicity is a 

basic value of mathematics. 

Exercise 

In Gakko Tosho textbooks, the proportional number line changes from the tape diagram 

and number line to two number lines at Grade 5. Let's put the number in the box and 

answer: "We can cover an area of 
4

5
 m2 with 1dl paint. How many m2 can we cover with  

        dl of the paint?" 

Fraction × Fraction 

If the box is a whole number, we already learned. 

If the box is a fraction such as 
2

3
 dl, we can draw 

the proportional number line: 

If we develop the way of calculation as well as 

multiplication of decimal numbers, it can be 

calculated as follows: 
4

5
÷ 3 × 2.  

After the explanation, we should ask children as follows: Is it possible to find an easier 

or faster way? Then, 
4

5
÷ 3 × 2 =

4×2

5×3
 is recognized as the simple way for 

4

5
×

2

3
.  

In mathematics, we usually produce shorter and simple ways. 

Area Diagram 

In school mathematics, area diagram is usually recommended for use in explaining 

(a+b)(c+d)=ac+ad+bc+bd. On the area diagram, multiplication is a two-dimensional idea 

and it functions as for the model of commutativity. Some people strongly believe that the 

area diagram is the best way for explaining multiplication and division because it 

provides the wall painting/shading metaphor based on two dimensions. The 

misconception will appear if students do not feel the necessity to draw the same size 

diagram. 

As long as teachers try to explain fraction as dividing fraction it might be true, however, 

shading activities of the area diagram itself is a major source of the misconceptions if 

children recognize fraction only by dividing fraction (see Chapter 2).  

What is necessary to develop in students by and for themselves is that students are able 

to draw the area diagram by and themselves as for the tool for reasoning as well as the 

proportional number lines. 

http://math-info.criced.tsukuba.ac.jp/museum/dbook_site/


©Masami Isoda (2013). Fraction for Teachers: Knowing What before Planning How to Teach. Tokyo: CRICED, University of Tsukuba 

50 
http://math-info.criced.tsukuba.ac.jp/museum/dbook_site/ 

Historically, Euclid produced the theory under the dimension and Descartes overcame 

the wall between dimensions by the proportional number line which defined 

multiplication by the measurements. 

Exercise 

1) Let's solve the following task by three different methods. 

Gakkotosho G6, vol.2, p3, 2011; G6,vol.1. pp34-35. 

1) Let's compare three methods. Which one do you recommend?  Why do we need more? 

2) There are a number of students who get the answer using the area diagram such as 
4

5
× 3 =

12

15
. Why does the area diagram produce such answer?  

There are two types of area diagram. The first type is already shown in the textbook. It 

shows the area of the wall itself for showing the painting. Another type of area diagram 

represents the following situation: 

There is a wall in which we use 
4

5
 dL of paint for painting 1 meter of wall. How much 

liters do we need for painting 3 meters? 

For this task, we draw the following two diagrams for the same meaning. 

  

0 1m  2m 3m 

4

5
 dL 

1

5
 dL 

 dL  

1m  

4

5
 dL 

1

5
 dL 

  dL 

 

1m  

4

5
 dL 

+ 

 

1m  

4

5
 dL 

+ 
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In both diagrams, the denominations of quantities are necessary because children might 

develop misunderstanding such as   
4

5
× 3 =

12

15
 if there are no denominations. 

Area diagram is fine to explain meaning. However, the children who still keep the 

dividing fraction, misunderstand the meaning of whole. Indeed, the left hand side of the 

above diagram can be read as 
4

5
 if the square is the whole even though it shows quantity. 

Here, the key is a unit fraction  
1

5
 dL (quantity fraction!) as well as the whole 1 L. If 

teachers ask students just shading without considering these two units, we are not sure 

students understand well or not, even though teachers felt success to explain for 

him/herself. 
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Chapter 7. Multiplication and Division of Fraction (2) 
 

 

The reasoning for ratio and proportion is 

already begun from the multiplication at 

the second grade. Proportional number lines 

and Rules of three on the table are the 

representation of the proportionality: 

Children should study them before learning 

ratio and proportion for multiplication and 

division of fraction by and for themselves by 

using what they already learned.  

 

Rules of Multiplication and Division 

Rules of Multiplication and Rules of Division which appears the comparison of 

expressions for multiplication and division can be seen as the representation of the 

proportionality. Both rules are also useful for the extension of multiplication and 

division into decimals and fractions from the whole number.  

Exercise:  

The followings are the samples of the rules of multiplication and division: 

1) Let's find the rules of division. 

  

 

 

Gakkotosho G4, vol.1, pp21-24 (2011) 

http://math-info.criced.tsukuba.ac.jp/museum/dbook_site/


©Masami Isoda (2013). Fraction for Teachers: Knowing What before Planning How to Teach. Tokyo: CRICED, University of Tsukuba 

54 
http://math-info.criced.tsukuba.ac.jp/museum/dbook_site/ 

2) Let's find the rules of multiplication: 

 

 

 

 

 

 

 

Gakkotosho G4, vol.1, p89 (2011) 

3) Let's explain those rules by using four number table for the Rule of three. 

4) Rules of multiplication are easier ways to find the answer of multiplication of 

fractions. Let's compare the following two approaches and explain how to use the rule of 

multiplication below (see page 49). 

 

Gakkotosho, G6, vol.1, p36 (2011) 
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Exercise: Fraction divided by Fractions  

1) Let's find the answer of the following task by the proportional number line, rule of 

three, rule of division, and area diagram. 

 Gakkotosho G6. vol.1, pp44-45 (2011). 

 

2) Explain the following approaches to obtain the answers.  

a) Rule of Division     b) Proportional Number Line 

 

 

c) Area Diagram  

    

     Gakkotosho G6. vol.1, pp46-47 (2011).  
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3) Let's compare the three approaches. Which approach uses the unit fraction for 

changing the measurement scale? Which approach directly shows the way for the 

multiplication of inverse fraction? Which approach has the possibility to produce the 

wrong answer 
8

20
? 
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Summary 
 

As discussed at the exercises of Chapter 1, this textbook is written for developing 

children who learn mathematics by and for themselves. For developing children, we 

should set the appropriate task sequence from what they already learned. Difficulty of 

fraction is related with various meanings of fraction and originated from many teachers 

who believe that the meaning of fraction is only dividing fraction. This textbook 

explained that it is the source of misconceptions. It demonstrated various meanings of 

fractions with terminology and the necessity of teachers considering them for 

overcoming difficulties. 

In Japan, the terminology to distinguish the conceptual difference of fraction and so on 

were already known in the 1960s, at least, as a result of lesson study since 1873 with 

surveys of various countries’ mathematics education. Terminology has been used to 

establish curriculum and task sequence on the textbooks. The author learned it from 

Prof. Tatsuro Miwa on his lectures for undergraduate students in 1981.  

Due to difference of curricula sequence and textbooks, teachers who read this textbook 

may feel uncomfortable to use it. It might be normal as long as keeping the mindset to 

teach procedure by exercise with minimum explanation by teachers. However, if 

teachers try to develop children who explain their mathematical ideas by using what 

they already learned, the terminology might be significant. Indeed, Japanese teachers 

who show excellent practice use it for clarifying what children already learned and how 

they use it for thinking, and knowing necessity as for preparation of future learning.  

 

 

Quantity 
Fraction 

Equivalence of fraction 
on number line 

Figure 7. Various meanings of fraction and their development 
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This textbook used Gakko Tosho textbooks, see QR codes in the reference, which have 

been written by teachers in Elementary School of the University of Tsukuba which has 

been leading lesson study since 1873. 

For using the terminology of this textbook, the task sequence to develop children who 

learn mathematics by and for themselves will be considered by Figure 7. Please note, it 

illustrates the necessary process for conceptual change under the extension and 

integration up to the fraction as ratio as for the base of rational number. 

As long as teachers believe fraction means dividing fraction, dividing fraction may 

include operational fraction in a broad sense, however, in a narrow sense, the action for 

dividing into equally corresponds to the action for partitive division and the action for 

scaling by the unit fraction corresponds to the action for quotative division. On this 

difference, a narrow meaning of the dividing fraction should be distinguished with 

operational fraction. To change dividing fraction as comparable fraction, denomination 

of quantities is necessary for fixing and showing the size of the whole. To recognize 

fraction as number, equivalence of fraction on the number line and to see fraction as the 

answer of division are necessary. To consider the multiplication and division of fraction, 

it is necessary to treat the fraction under proportionality. In relation to proportionality, 

fraction is ratio. In relation to the meaning of division, there are three types on ratio. At 

the introductory stage, dividing fraction is a pair of numbers and not a number itself. 

For extension of number, we should discuss existence, comparison, and operations. After 

completion of these three discussions, fraction becomes the representation of rational 

number. 

This book focused on fraction. Teaching of decimals can be considered analogically.  
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