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Preface 
 

 

 

Education is the work to prepare for the future. Developing children who learn mathematics by 
and for themselves is one of the major issues on mathematics education reforms in the world (See 
such as Isoda & Katagiri, 2012). After the comparative study of mathematics classroom such as 
TIMSS video study in 90s, Japanese lesson study is the world-shared methodology as for the 
tools for professional development because the study indirectly demonstrated the quality of 
Japanese mathematics teaching and it is established by the lesson study. However, people often 
misunderstand the lesson study as for the talking about the class rather than studying subject 
matter. They enjoy the classroom observation likely listening to the music or watching the 
theatre. However, through listening to the music, and even if we enjoy talking about actors, we 
cannot prepare the good player ourselves. In Japanese lesson study, most efforts are done for the 
preparation of the class. The misunderstanding originated due to the limitation of the content 
guidebook to refer in English. On this reason, I have developed several resources which show the 
theory for the purpose to improve mathematics education with researches in the world. 

For the workshop of SMASE-INSET project under Japan International Cooperation Agency 
(JICA), Japan and Federal Ministry of Education (FME), Nigeria, this booklet includes the 
essential theory for enabling teachers to plan the class for developing children who learn 
mathematics by and for themselves. It focused on the innovation of elementary school 
mathematics based on the content which is well written in the textbooks in each country and 
known by teachers. The workshop done in Nigeria was based on the author's experience in 
Central and South America, South East Asia and Pacific as well as in Japan. 

May 7, 2013 

Masami Isoda, PhD 

CRICED, University of Tsukuba, Japan 
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Chapter 3: Addition of Fraction with Different Denominators 
 

 

The professor asked the teachers: 

 

 

 

 

Possible Answers: 

 

           

 

 

 

Professor: Yes, we would like to listen their ideas. Can you imagine their diagrams for 
explanation? How do you teach to find the common denominator? 
 

Exercise 
Exercise1:   Let's plan the process of dialectic discussion between two different ideas 

through the drawing diagrams which support each of answers. 

Exercise 2: When you plan, what are the expected knowledge for children before the 
class and what knowledge do they have, actually, for those two ideas? What 
shall they learn before this class for enabling them such a discussion? What 
shall we teach before you plan your class?  

Som 

Yes, we have children 
who calculate as 
follows: 

1
2
+1
3

= 1+1
2+3

= 2
5
 

 

Any 

Yes, we have. However 
we have to teach: 

1
2

+
1
3

=
3
6

+
2
6

=
5
6
 

How can you plan their argument? 

 
I would like 
to ask why? 

I would like to ask to 
draw diagrams to 
explain the meaning. 

In addition of the fractions, we teach the case of the same denominator 
at first and then we introduce the case of different denominator. 

 In the case of 1
2

+ 1
3
: 

We have two bottles with 1
2
L and 1

3
L of milk. How much L in total? Can 

you imagine the student’s answer?                                     Isoda (1996) 
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A Sample of Arguments: 
 
Teacher: Good, now we have different answers. What shall we do? 

C1: How did they get their answers? 

C2: Yes. 

Teacher: Then, we would like to ask: how do you get it? 

C3: 1
2
+1
3

= 1+1
2+3

= 2
5
 , I added numerators and denominators each. 

C4: 1
2

+ 1
3

= 3
6

+ 2
6

= 5
6
, I tried to find the common denominator.  

Teacher: Do they explain in the same way? 

C: (No, answer). 

Teacher: Do you have any questions for them? 

C1: I have a question for C3, why you added the numerators? 

C3: As I explained,  1
2
+1
3

= 1+1
2+3

= 2
5
 , I added numerators and denominators. 

C4: The total,2
5
 is smaller than  1

2
. If  1

3
L of milk is added to 1

2
L of milk is less than 1

2
 L. It 

is very much strange, isn't it? 

C3:  Yes, it's strange...then I cannot add denominators? 

C5: No, it is not strange. I will explain the bottles like this: 

In the case of fractions, it is true. 

 

 
 
 
 
C3: Aha, yes, it is! 

Teacher: Then, you say in the case of fractions, it is possible to say that the total from  
1
2
L of milk and  1

3
L of milk is less than 1

2
L.  

C: No!  Yes! 

Teacher: Yes or No? It looks C5 is less supported. Why? 

C4: The milk bottle of C5, the size is not the same. 

C5: Yes, the shape of the milk bottles are not usually the same. 

+ = 
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C4: .... 

Teacher: Why did you use the common denominator, C4? 

C4: Because we added when the denominators are the same. 

 We learned the addition of fractions in the case when the denominators are the 
same. 

C2: Yes, we know the addition of the same denominator. In that case, we added the 
numerator. This task is not the same.  

Teacher: Did you draw a diagram, like C5? 

C4: No, I did not. I think that it is the rule. 

C5: Oh, the rule? I could explain my idea by the diagram. 

  Please count in my diagram.  

 The way of C3 will be the right rule, not C4. 

C6: I draw a similar diagram, not the same as C5:  

 

 

 

 It shows that the value is larger than the parts. 

 

Teacher: Now, we have two drawings. Which diagram is reasonable for establishing the 
way of calculation? 

C3: I do not think C6 is explaining C4: 1
2

+ 1
3

= 3
6

+ 2
6

= 5
6
 .  

 It may explain the part of 1
2

+ 1
3

= 5
6
, however it does not explain  1

2
+ 1

3
= 3

6
+ 2

6
.  

 Why you have to change the fraction on 1
6
?  

Teacher: It means that why C4 has to change the denominator, right?  

C3: Is that a rule, also? If it is the rule, my own is better because we can explain the idea 
by counting like C5. 
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C6: If we have to explain it by counting, we have to share the unit at first. If we set the 
unit for counting from the difference between 1

2
 and 1

3
: 

.  

 

I could count six times of the unit.  

Thus, the unit for counting is 1
6
. 

 

 

C5: Aha, I got it. However, why do you use the unit for counting by the difference? Is it 
occasionally? Can you do that every time? Or, you already knew the difference in 
fractions with different denominator? 

C6: Not sure, however, if you consider every time, do you think your idea also works 
every time? 

Teacher: Yes, in mathematics, we develop generally applicable ideas. It must be 
important point for discussion. 

C5: Yes. 

C4: Wow, did you add the denominators in the case that the denominators are the same? 

C5: What? 

C4: For example, how do you think in the case of 1
2

+ 1
2
.  

We already learned it is 1
2

+ 1
2

= 1+1
2

= 1, right? 

But if your idea is true, 1
2

+ 1
2

= 1+1
2+2

= 2
4

= 1
2
. It is strange. 

C3,C5: Wow, yes, it is strange. Is it the reason, if the denominators are the same, we add 
the numerators?  

C4:  Yes, now I understand why I did it. That is the objective why I changed the 
denominators into common denominators! However, how can we produce the 
common denominator for the addition of fractions in the case of different 
denominators. I am still not sure of the ways of calculation. 

Teacher: Aha, for considering generally, we checked each proposed way by C3 and C4 on 
the different denominators by the known case of the same denominator. Then, the 
way of C4 works and the way of C3 does not. However, the diagram by C5 still looks 
fine. Why did it produce the inappropriate answer? 
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C6: The size of the bottle should be the same. In this case, if we draw the diagram of a 
1L milk bottle, it is fine. 

Teacher: Yes, we need to write the size of quantity on the diagram. In this case, we 
should draw 1L as for the whole bottle size in every diagram. We should use the 
same size bottle for explaining the addition and subtraction of fractions. In the 
diagram of C5, we counted different size of fractions. 1

2
L is counted one and 1

3
L is 

counted one. We cannot count one, two because the size is not the same. The 
diagram by C6 used 1

6
 L for the same counting unit. 

C4: Wow, this is the reason why I used the common denominator. Still not sure of the 
ways. 

Teacher: Then, from now, we would like to find the shorter and simple way of 
calculation by considering the common denominator. 

 

Questions for professional development 3 
Q14. In the argument, you may see the same discussion which you read in Chapter 1 

and it will be explained by the several terminologies as mentioned in Chapter 2. 
Let's explain the argument by the terminologies. And explain your appreciation 
about the terminologies for understanding the difficulty of fraction and what is the 
necessary content for teaching. 

Q15. In the argument, what kind of explanation did you find? Please read each 
explanation from the viewpoint of Chapter 1, Q8. Why do we need the diagram? 
What C4 wished to say? For developing children who learn mathematics by/for 
themselves, what type of argument you would like to establish in your classroom. 

Q16. If you are not used to draw a diagram for explaining fractions by yourself, the 
argument might be difficult for you to understand. The difficulty that you 
recognized is based on the unknown. It means that it is the chance for learning. At 
first, let's discuss about which part do you feel a difficulty and then, talk about what 
you shall learn.  

Q17. When you feel a difficulty, your children also feel the same. Please ask your 
children who knows addition of the same denominator and equivalent fraction, but 
not yet learned the case of different denominators to read this discussion. And ask 
them, how do they read? It is also a good chance to learn from children for knowing 
what is the task for their learning and what is necessary for your preparations. 

Q18. The argument itself was implemented in a class (see Isoda, 1996) and not unusual 
in Japan. When we compared the classes, major difference is the teaching before the 
class. What kinds of content shall we teach before this class? 
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